Properties of the symplectic structure of General Relativity 
for spatially bounded spacetime regions. 
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■ Abstract 



We continue a previous analysis of the covariant Hamiltonian symplectic 
structure of General Relativity for spatially bounded regions of spacetime. 
Q^i To allow for wide generality, the Hamiltonian is formulated using any fixed 

bX). hypersurface, with a boundary given by a closed spacelike 2-surface. A main 



result is that we obtain Hamiltonians associated to Dirichlet and Neumann 
boundary conditions on the gravitational held coupled to matter sources, in 
particular a Klein-Gordon held, an electromagnetic held, and a set of Yang- 
Mills-Higgs helds. The Hamiltonians are given by a covariant form of the 
Arnowitt-Deser-Misner Hamiltonian modihed by a surface integral term that 
depends on the particular boundary conditions. The general form of this sur- 
face integral involves an underlying "energy-momentum" vector in the space- 
time tangent space at the spatial boundary 2-surface. We give examples of the 
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resulting Dirichlet and Neumann vectors for topologically spherical 2-surfaces 
in Minkowski spacetime, spherically symmetric spacetimes, and stationary 
axisymmetric spacetimes. Moreover, we establish the relation between these 
vectors and the ADM energy-momentum vector for a 2-surface taken in a 
limit to be spatial infinity in asymptotically flat spacetimes. We also discuss 
the geometrical properties of the Dirichlet and Neumann vectors and obtain 
several striking results relating these vectors to the mean curvature and nor- 
mal curvature connection of the 2-surface. Most significantly, the part of the 
Dirichlet vector normal to the 2-surface depends only on the spacetime metric 
at this surface and thereby defines a geometrical normal vector field on the 2- 
surface. We show that this normal vector is orthogonal to the mean curvature 
vector, and its norm is the mean null extrinsic curvature, while its direction is 
such that there is zero expansion of the 2-surface i.e. the Lie derivative of the 
surface volume form in this direction vanishes. This leads to a direct relation 
between the Dirichlet vector and the condition for a spacelike 2-surface to be 
(marginally) trapped. 
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Typeset using REVT^ 



I. INTRODUCTION 



In a previous paper [1] we began an investigation of the covariant symplectic structure 
associated to the Einstein equations for the gravitational field in any fixed spatially compact 
region E x R of spacetime whose spacehke slices E possess a closed 2-surface boundary 9E, 
with a fixed time-flow vector field tangent to the timelike boundary hypersurface 5E x R. 
Through an analysis of boundary conditions required for existence of a Hamiltonian vari- 
ational principle, we derived Dirichlet, Neumann, and mixed type boundary conditions for 
the spacetime metric at the spatial boundary 2-surface 9E. The corresponding Hamiltonians 
we obtained are given by a covariant form of the ADM Hamiltonian plus a surface integral 
term whose form depends on the boundary conditions. We also showed that these Hamil- 
tonians naturally yield covariant field equations which are equivalent to a 3+1 split of the 
Einstein equations into the well-known constraint equations and geometrical time-evolution 
equations for the spacetime metric. 

The present paper continues the previous analysis in two significant ways. First, in Sec. H, 
we investigate the covariant symplectic structure of the Einstein equations coupled to matter 
sources in any fixed spatially bounded region of spacetime. Specifically, we consider Dirichlet 
and Neumann boundary conditions for a scalar field, an electromagnetic field, and a set of 
Yang-Mills/Higgs fields. Furthermore, we allow the fixed time-fiow vector field on spacetime 
to have an arbitrary direction (i.e. not necessarily timelike) in the spacetime region. Such 
freedom in the choice of the time-fiow vector field is useful for relating the Hamiltonian 
boundary terms to expressions for total energy, momentum, angular momentum associated 
to the gravitational and matter fields on given hypersurfaces in spacetime. 

Next, in Sec. HI, we discuss in detail the geometrical structure of the gravitational part 
of the Dirichlet and Neumann Hamiltonian boundary terms. In particular, as noted in Ref. 
[1], these each involve an underlying locally constructed "energy-momentum" vector at each 
point in the tangent space at the 2-surface. We show that the form of the boundary term 
vectors is closely related to the mean curvature vector and normal curvature connection 1- 
form which describe the extrinsic geometry of the spatial boundary 2-surface in spacetime. 
Most striking, we further show that the part of the Dirichlet boundary term vector orthogonal 
to the 2-surface yields a direction in which the 2-surface has zero expansion in spacetime. 

Finally, through several examples, we illustrate the properties of the Dirichlet and Neu- 
mann boundary term vectors for topologically spherical 2-surfaces in various physically in- 
teresting spacetimes in Sec. IV. As a main result, we show that in asymptotically fiat 
spacetimes the Dirichlet vector at spatial infinity can be identified in a natural way with the 
ADM energy-momentum vector. 

We make some concluding remarks in Sec. V. (The notation and conventions of Ref. [1] 
are used throughout.) 

II. MATTER FIELDS 

It is convenient here to employ the tetrad formulation of the Einstein equations, since this 
simplifies the analysis of boundary conditions and Hamiltonian boundary terms as shown in 
Ref. [1] . We focus on Dirichlet and Neumann boundary conditions and make some remarks 
on more general boundary conditions at the end. 
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A. Preliminaries 



On a given smooth orientable spacetime (M, g^^^), let be a complete, smooth time-flow 
vector field, allowed to be timelike, spacelike, or null. Let E be a region contained in a 
fixed hypersurface in M such that the boundary of the region is a closed orientable spacehke 
2-surface (with the hypersurface allowed to be otherwise arbitrary). 

For treatment of boundary conditions when the time-flow is not necessarily timelike, 
it is helpful to introduce the following structure associated to the boundary 2-surfacc 

Let Vds and Vqy, denote projection operators onto the tangent subspaces T(9E) and 
T{dT,)-^ with respect to the surface dT, in local coordinates in M. Note Van + Vqy, is the 
identity map on the tangent space T(M) at 9E. Define the metric on 9E by 

(t"* = (^ab= 9ac9hd^^^ (2-1) 



Let e . be the metric volume form on 9E, and define 



*^a. = ^^W(^) (2-2) 



in terms of the spacetime volume form ^abcdid)- Note that P9s(*ea5) = ^as(^a&) = 0. A 
useful identity is given by 

2(PaE)[;(7^.E),]' = 6„,e^'^. (2.3) 

Let 

C-nAC), N^^VaniCl (2.4) 



so = C^"" + N'^ decomposes into a sum of normal and tangential vectors with respect to (9S. 

Wc now suppose ^" is not tangential to 9E, i.e. 7^ everywhere on the surface 9E. In 
this situation, much of the formalism and results given in Sec. 3 of Ref. [1] can be paralleled. 

Let B denote the hypersurface given by the image of 9E under a one-parameter diffeo- 
morphism generated by on M. Note that the dual vector field *e^^ is hypersurface 

orthogonal since it is annihilated by all tangent vectors (in particular ^") in B. Define a 

basis for T*{dT)-^ by diagonahzation of the identity map 

^i-^a'^sy'^tf' (2.5) 

such that oc *e^^^^ is hypersurface orthogonal to i3, with {s*",t*"} denoting a basis for 

T(9E)-'- that is dual to {-s^,t^}. In particular, s*"s^ = = 1, and s*"'t^ = t*"'s^ = 0. This 
leads to a corresponding decomposition of the spacetime metric 

9ab = ^ab + + tJl (2-6) 
with s* = Qab^*^ s-iid t* = Qajjt*^ ■ Now, define a projection operator Vb with respect to B by 
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hj' = 5; - ss*^ (2.7) 

satisfying 

K\^0,hy'^0. (2.8) 

Then 

Kb = 9ab - «a«a = ^Tab + ^aC (2-9) 

defines the induced metric on B. Also, define the volume form on B by 

^abcih) = e^Ugy' = 3t^,e,^y (2.10) 

Finally, note that 

*^ab = 4^[„S6], e„6cd = 3e[ab*ecd] = ^%bcih)sa], (2.11) 

C" = -Arr, C\ = -A^, CX = C\5 = 0, (2.12) 

for some scalar function N. This yields the identities 

= -ATf " + iV", (2.13) 

Ce'^e^^ih) = -27V, 7^aE(re„,e(^)) = -Ne,,- (2-15) 



These will be important in the analysis of boundary conditions for both the gravitational 
field and matter fields. 

Now we introduce an orthonormal frame for given by 

01^ = af + ss*'' + tt*^ (2.16) 

a a a a v / 

where aj^ = u^O'^ is an orthonormal frame for a^^, with the coefficients 

s*^ = = f (2.17) 

defined to satisfy ^t*^t*'^ ± 3*^3*" = diag{— 1,1,0,0) if is timclikc or spacclikc, or 
2^*(M^*i^) _ (iig^g(^_\^ if is j-^^ii Consequently, the frame components of s", t", cr"'', 51"^ 

are given by 

= i'^ = f (2.18) 

^ ^abQ,Q. ^ ^.^^(Q^ ^ ^a;.^M^. ^ diagi^l^ ±1, 1, 1), (2.19) 

where {s^ ,t^} arc dual to {s* = = ^^^t*^}- Hereafter we fix the frame coefficients 

(2.17) and (2.18) to be independent of the spacetime metric g^^, so therefore under a variation 
Sg^^, the induced variations 5s^, St^, SaJ^ , 50^ satisfy 
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K - + + t*'K (2-20) 

K = s,Se:, 5t^ = t^59l 5a: = a:5a:, (2.21) 
5^ab = 2v^y^^) = ^(/^^%' ^9ab = 2v^y^^)- (2-22) 
Note, by hypersurface orthogonality of s^, it also follows that 

Vb{5s^)^Q. V9,:{StJ^0, V^SaJ^O. (2.23) 

Let 

= h'e'f = C - Sn^*" (2-24) 

a a a a v / 

which yields a decomposition of the frame with respect to B, satisfying 

'Poj:{hr) = -PiM = tf. (2.25) 

It is convenient for later to also introduce a fixed frame adapted to and Let 

which defines the frame 'd'^ uniquely up to rotations of f?^,'!?^. Thus, in this formalism, 'd'^ 
is an orthonormal frame when is timelike or spacelike, and a null frame when is null. 

In the case when is timelike, the previous formalism reduces to that in Ref. [1]. Most 
important, the formalism here applies equally well to the cases when is spacclikc or null. 

Finally, in the case that = 0, i.e. is tangential to dT,, we simply fix any basis 

{^o'^a} T*{d'£)-^ and define a frame 6'^ to satisfy the previous equations (2.16) to (2.19). 

This yields the same formalism as in the case that is not tangential to 9E, except that 

there does not exist a hypersurface B generated by = 0. 

Now, with the frame 9'^ used as the gravitational field variable, the Lagrangian for the 
vacuum Einstein equations is given by 

LaUO) = e^UmO). (2.27) 

Here R{6) = 6'lRf^''{6) and Rj^{0) = O'^^^R^^" {9) are the scalar curvature and Ricci curvature 
obtained from the curvature 2-form 

Ra^G) = '^^a^^no) + 2r[/-(^)r,j/(^) (2.28) 

in terms of the frame-connection given by 

vrie) = e'^^vy, = 2e'^'d^y^ - e'^e^e^d^^el (2.29) 

A variation of L^j^^^iO) yields 
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S^a^) = ^^MSe:^ + 5[a©M '^^) (2.30) 

where 

^UO) = ^e.^MiR'^'iO) - lo^'Rm = (2.31) 
are the vacuum Einstein field equations for 9'^, and where 

e,e.(^, SO) = se^,j9)Ko;srrio) (2.32) 

is the symplectic potential 3-form. It follows that the Noether current associated to C is 
given by the 3-form 

Ja,M^ 0) = QaJO, C^9) + A^'L^^,{e) = e^UamX^^^e'^if^) + ^^m) (2-33) 
which simplifies to 

where 

Q,M:0) = ^Ce,^,S9Keyr{e) (2.35) 

is the Noether charge potential. 

The gravitational Noether charge associated to (9S is determined by the pullback of 
Qhci^'^ ^). A simple expression for the pullback is obtained through identities (2.2) and (2.11), 
yielding 

^'TeaeMK^ya'^'iO) = *eX0ie^:\0) = At^s^CO'^^V = ^Cs^f^VX (2.36) 
where, recall, e^^ is the volume form on 9S. Hence, the surface integral 

^^(^' = L = ^ L ^''^'^^'^"'^"^e (2-37) 

gives the gravitational Noether charge. 

When is not tangential to (9S, the pullback of ©^cdl^' hypersurface B can be 

simplified similarly by the identities (2.14) and (2.11) and the frame decomposition (2.24), 

yc^ado. 50)= ^\\a9)eyi5Tr{e) 
= -2Nh:5{s^hX'^vj)':) 

- e'"'ee^Jh)h;5K: (2.38) 

where we define 
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= «>/^^"^v/:. (2.39) 

(Note these expressions have the same form as those obtained in Ref. [1] when ^" is timehke.) 
Hence, one obtains 

VB^abciQ. S9) = 8e^,^{h)h;5K:. (2.40) 
This expression leads to a simple form for the gravitational symplectic flux associated to B, 

= 8 1 e^^ih) (^{5,h; - h;h:6,h;)6,K/ - {S,h; - hX^^Ky^K,^) . (2.41) 

The vanishing of this flux determines the allowed boundary conditions on the frame 6'^ at 
the boundary hypersurface B. 

We remark that in a frame (2.26) adapted to 9E, one sees that Kj^ — h^^hf^V^s^ 

represents the frame components of the extrinsic curvature tensor K = hfh^^V^s^ of 
the boundary hypersurface B. Moreover, the Noether charge (2.37) is simply (5s(Cj^) — 

For the sequel, we now introduce Dirichlet and Neumann symplectic vectors 

P^aio)= sfaf^v^e: - sx^^'^vf, + Ks^o^'^vf, = leX^jXrne), (2.42) 
py)- sj^'^aK - \e\^X^lrr{e), (2.43) 

associated to the boundary 2-surface dH and the frame O'^. In a frame (2.26) adapted to the 
hypersurface B, these vectors take the more geometrical form 

Pai^) = ^ V^V,., - t^'^^.s, + s^'^W.t,, (2.44) 

P» - t'^'^a^c- (2-45) 

Similarly to the derivation in Ref. [1] holding for the situation when B is timelike, here the 
projection of the vectors (2.42) and (2.43) along yields the respective boundary terms 

required to define a covariant Hamiltonian for the vacuum Einstein equations with ^" as 
the time-flow vector fleld in a spacetime region with spatial boundary 2-surface 9E, subject 
to Dirichlet or Neumann boundary conditions on the frame 6'^, for a timelike, spacelike, 
or null boundary hypersurface B. The significance and properties of the full vectors (2.42) 
and (2.43) will be discussed in Sec. 111. 

Lastly, we make some remarks on the gauge invariance of the preceeding results, which 
follow from the detailed gauge transformation analysis given in Sec. 3 of Ref. [1]. Under 
a local SO{3,l) transformation on the frame 9'^, the Noether charge Qjj^{^;0) transforms 
inhomogeneously due to its explicit dependence on the frame connection. However, the 
curvature R^^^ {9) is invariant, and consequently so is the Lagrangian L^^^^^iO). Therefore 

the symplectic current oj^jf^JJ), Si9, 620) is necessarily gauge invariant. As a result, up to 
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addition of a locally constructed exact 2-form, the symplectic current obtained here for 
the frame formulation of the vacuum Einstein equations must agree with the analogous 
current derived from the standard metric formulation. This means that the presymplectic 
forms Q^{9,69, C^9) and flY,{g,Sg, C^g) in the two formulations differ by only a boundary 
term (i.e. a locally constructed 2-form integrated over the 2-surface 9E) . Correspondingly, 
the Dirichlet and Neumann symplectic vectors associated to flj:{g,Sg, C^g) in the metric 
formulation are found to be the same as the ones given here for the frame formulation, up 
to certain gradient terms. Furthermore, if is timelike and orthogonal to (9S, then these 

gradient terms can be shown to vanish. In this situation, ^"'P^i'd) and C^-P^ (f?) are precisely 
the Dirichlet and Neumann boundary terms in the covariant Hamiltonian determined by the 
metric formulation of the vacuum Einstein equations (see Ref. [15] for a discussion of this 
Hamiltonian). Consequently, as noted in Ref. [1], we find that the expression ^"'P^i'^) 
reduces to the boundary term derived by Brown and York [16,17] in the standard canonical 
formalism, with Dirichlet boundary conditions on the canonical variables in the case of a 
hypersurface boundary B where C,"^ is timelike. In comparison, the covariant formulation we 

have presented here applies equally well when is null or spacelike. 



B. Electromagnetic field 

We start by considering a free electromagnetic field on (M, g^^) , coupled to the gravi- 
tational field, generalizing the Minkowski background spacetime considered in Sec. 2 in Ref. 
[1]. The Lagrangian 4-form for is given by 

LabcM; 9) = \e^MFmnF'^'' = [ab^F cd^ (2-46) 

where F^^ — ^^.A^ = <9j„A^j is the electromagnetic field strength and *F^^ = ^abcdi9)F'^'^ is 
the dual field strength in terms of F"^^ = g"^"" g'^^ F ^j^, with g^^ = O'^Olrj^^. A useful fact here 
is that ^V^ reduces to in any skew derivative expression on M. By variation of A^ and 
6'^ in this Lagrangian, one obtains 

^L^a^; 9) = e^a9){'^JSAnFn - '^VV^F"^" - T;{A; 9)S9'^) (2.47) 
where T^^{A; 9)0^ = Tj'{A; g) is the electromagnetic stress-energy tensor given by 

T^\A- g) = 2F^^f'^ - F^F-". (2.48) 

From the coefficient of the variation SA^ in 5L^j^^^{A;9), the field equation for A^ is given 
by the Maxwell equations 

*^„(A; g) = ^ V^F,„ = ^V\A^^ = 0. (2.49) 

The symplectic potential 3-form obtained from L^^^{A; 9) is given by the total derivative 
term in Eq. (2.47), which yields 
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%MM:e)^KU9¥AX'. (2.50) 
Hence, the Noether current associated to for is given by the 3-form 

Ja,M^ ^; 9)= e,,,(A, C^A- 6) + AeL^,^,{A- 9) 

-^aa9){-^F'^C,A^ + 2tF^^^Fn 

= KaMiCTM 9) + * ^'(^; ^)) + 65[a(*nc]r^e) (2-51) 

by a similar derivation as in Minkowski spacetime, with 

= f 'V A + Aj>v,e - 2r^V[Ai + ^v„(r^e)- (2-52) 

This yields the electromagnetic Noether charge 

Q<i-^ A) - X ^' = ^ X e^^.„,c(^)2^e'(^; 9) + 2 X^ 6,,,„F^"eX (2.53) 

for solutions A^ of the Maxwell equations (2.49). 

The total Lagrangian for the Maxwell equations coupled to the Einstein equations 

K^^)-Yam-T;{A-e) (2.54) 

using the field variables A^ and is given by L„^^^(^,A) = L^^^■^{e) - L^^{A;e) from 
Eqs. (2.27) and (2.46). One then obtains the total Noether current 

- 86,„,,(^)rC( V(^) - iK^iO) - T^iA; 6)) + 3a[„g,,j(e, ^, A) (2.55) 

where 

Q,M. 0. A) ^ Ce.^MiK^l^a'^^^^) - (2-56) 

is the Noether charge potential. Hence, on solutions of the coupled Einstein-Maxwell equa- 
tions, the total Noether charge is given by the surface integral 

Q,:{i-e,A)= j Q,,{U,A). (2.57) 

The electromagnetic part of this expression simphfies through identities (2.2) and (2.11), 
yielding 

^''*F,^eA, = *e,^F'X'A, = 4t,s^F'YA,. (2.58) 
Then, substituting Eq. (2.36) for the gravitational part, one obtains 

gE(e; e, A) = X^ e.^CiSsf^'^j: - ^t,s^F'^AJ. (2.59) 
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The Noether current gives a Hamiltonian conjugate to on E under compact support 
variations SO'^ and 5A„, 

a a' 

H{C, 9, A) ^8 e,^Jg)ee'^{R;{e) - - 0)) (2.60) 

up to a boundary term (2.59). For variations 66'^ and SA^^ with support on dH, after taking 
into account boundary terms, one has 

5H(C; e,A)^ [ 5Q^,{i, e, A) - e^abM A se, 5A) (2.61) 

for Einstein-Maxwell solutions, where 

^aJd, A S9, SA)^ e^je, so) - q^ja, sa; e) 

= ^.a.c(^?)(8<C^rr (^) - AF'^dA:) (2.62) 

is the total symplectic potential 3-form from Eqs. (2.32) and (2.50). The electromagnetic 
part of the symplectic potential terms in the Hamiltonian variation (2.61) can be simplified 
similarly to expression (2.38) for the gravitational part, yielding 

= ^Ns.F^'dA^ 

- -^'''Ce^,Ah)s,F'^5A^ (2.63) 
through identities (2.14) and (2.15). Thus, one obtains 



^aE(re„,,(^, A, 56, 5A))= Vedee^,^{h){8h;6K: + 4.,F'^^MJ) (2.64) 



^-Nej8h;5K: + As,F'^6AJ. 

Hence, for existence of a Hamiltonian conjugate to ^" on E, there must exist a locally 
constructed 3-form B^,^^{d, A) such that 

ra^iCQa^ci^, A, Se, SA)) = Va^iCSB^je, A) - a[„a,j(e, e, A, Se, SA)) (2.65) 

for some locally constructed 1-form q;^(C, 6, A, 66, SA) in T*(c}E). Then the total Hamiltonian 
is given by H{^;6,A) plus a boundary term 

HsiC, 0, A) = J^^ QJC, 0, A) - CB^ci^, A). (2.66) 

We now consider Dirichlet and Neumann type boundary conditions on the fields 6*^ and 
A^ at (9E. 

First, consider the case when is tangential to 5E. Then one finds 

^9s(r©a6c(^' A: 56, SA)) = 0, which leads to the following result. 
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Proposition 2.1. Suppose ^" is tangential to 9E. Then no boundary conditions are 

necessary for existence of a Hamiltonian conjugate to ^" on E. Consequently, a Hamiltonian 
is given by H^{^; 9, A) = H{^; 9, A) + Q^{9, A). 

Next, assume ^" is not tangential to 9E, and consider Dirichlet and Neumann boundary 
conditions on the electromagnetic and gravitational field variables. 

Theorem 2.2. Suppose ^" is nowhere tangential to 9E. Let 

(D) <^(CA)laE = 0, <5(V)|aE = (2.67) 
(N) 5{\h\s,h:F'')W^Q. Kk:)W^Q (2.68) 

where \h\ = det{hj^) is the determinant of the components of the frame hj^ associated to B. 

Under Dirichlet (D) or Neumann (N) boundary conditions for both A^ and 6'^, there exists 

a Hamiltonian H{^; 9, A) + Hb{^; 9, A) conjugate to on E, with the boundary term (2.66) 
given by 

H'^iC; 9, A) ^8 J^^ tiP^aiO) - ^t.s^F'^AJdS, (2.69) 
//^(C; 9,A) = 8 j^^ aPliO) - a^^t^sX^AJdS, (2.70) 

in terms of the Dirichlet and Neumann symplectic vectors (2.4.2) and (2.43). 
Proof: 

For case (D), first note from Eq. (2.63) that e^^Q^^^iA, 5 A; 9) = 8Ns^F'^%^^5A^. Now, 
using the boundary condition (D) on one has 

h:5A^ = h:S{s,s*'A,) = s*'A,h:6s, = (2.71) 
by the hypersurface orthogonality relations (2.7) and (2.23). Thus, 

'Pa^ieea,ciASA;9)) = 0. (2.72) 
Then, in Eq. (2.38), since Se^^^JJi) = 5e^^ = by the boundary condition (D) on 59^^, one 



has 



and thus. 



e"=re„,,(^, 59) = e'%8i\,Sh)K) (2-73) 



^aE(re„,,(^, 69) - 6{8ee,,^{h)K)) = (2.74) 
where K = h^Kj". Hence, substitution of Eqs. (2.72) and (2.74) into Eq. (2.65) yields 

eB,,,{9,A)^8C\,,{h)K (2.75) 
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and = 0. This leads to the boundary term (2.69) through Eq. (2.66) as follows. The 
puUback of C"-^a6c(^' ^) given by 

^ee%Uh)K = ^iXs^K^^/^ = mXs.K^y/" (2.76) 
which, when combined with expression (2.36) for the puUback of Qi^J^i, 9), yields 
e\Q,M^ 9) - eB^j9, A))- 16r(./^V„C - t^s^hf^Vj"") 

- i6r..(tV; - tyyv^9'', 

= IG^Pai^) (2-77) 

by the metric decompositions (2.6) and (2.9) and the orthogonality ^"s^ = 0. Finally, 

combining this expression with the puUback of Q^cl^'^) given by Eq. (2.58), we obtain 
Eq. (2.69). 

For case (N), one has from Eq. (2.63) that 

^'rOaJA, 0)^ '''m\,ci.h)sAaF'') + ^e"'A^eK^^,ci.h)s,F'y (2.78) 
Now, since 

K^a,ci.h)s,F'^) = e^.AhmsaK'F''^) + Ih^h^F'""), (2.79) 
this term vanishes by boundary condition (N) for and thus 

^aE(r©.,e(^, 0) - S{^ee^Ms^A,F'y = 0. (2.80) 

Next, VdT.iC^ahci^-:^^)) = holds immediately by boundary condition (N) for 5Kj^. 
Hence, from Eqs. (2.65) and (2.80), one has cc^ = and 

eB^,,{9,A) = Aee^,^{h)s^A,F'^. (2.81) 

Then this leads to the boundary term (2.70) through Eq. (2.66) similarly to the derivation 
of the boundary term (2.69) above. □ 

C. Klein- Gordon scalar field 

We next consider a free Klein-Gordon scalar field (p coupled to the gravitational field on 
{M,g^f^), with the standard Lagrangian 4-form given by 

LaUV-, ^) = l^aU9)i'^eV'^'V + ^V') (2-82) 

where m = const is the mass. Note, here ^V^(^ = c^^v^, ^V^v? = g"'^d^(p, and g^^ — 9^9^^r]^^. 
A variation of this Lagrangian with respect to (/? and 9^ yields 
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^L^Uf^ e) = e„,,,(^)(^V,(5^^VV) - 5(^(^V^^V,^ - mV) - T;{^- 9)59':) (2-83) 
where T^^{ip; 9)9^ — Tf{ip; g) is the Klein-Gordon stress-energy tensor given by 

T^\^; g) = ^VV^V„(^ - (^V,(^^ W + mV'). (2.84) 

Hence, from the coefficient of the variation 5^p in Eq. (2.83), the Klein-Gordon field equation 
for (/? is given by 

*£((^;^) = ^VX<^ -^V = 0. (2.85) 
The symplectic potential 3-form obtained from L^^^^{ip] 9) is given by 

^Uv. 0) = K^cM'^^^v- (2-86) 

This yields the Noether current associated to 

J„,,(e, g)= 0„,,(^, A^; 9) + 4e'L,,,,(^; ^) 

- ea5c.(^?)(-4^vVAv^ + 2e'^(^V^(^^V"^^ + mV^) 

= 46,„,,(5)rr/((^;^) (2.87) 

where >C^<^ = ~ C^^^- Hence, one obtains the Noether charge 

QE(e; V) = Ja,M, ^) = 4 e^^MCTfi^; g). (2.88) 

In contrast to the situation for the electromagnetic field, here, due to the scalar nature of 
the Klein-Gordon field, the Noether charge does not have a surface integral term. 

The total Lagrangian for the Klein-Gordon equation coupled to the Einstein equations 

K(^)-IW)=T;{^;9) (2.89) 

using the field variables (p and 9'^ is obtained through Eqs. (2.27) and (2.82) by LabcAP^ ~ 
^abcd(9) ~ ^abcdi'^'i resulting total Noether current is given by 

J„,,(e,^,<^)= JabM0)-J^,^{^,^;9) 

= ^^duMCXiKiO) - y^R{9) - t/((^; 9)) + 3af„g,,](e, 9) (2.90) 

where Qf^{C:9) is the gravitational Noether charge potential (2.35). Thus, there is no con- 
tribution from if to the total Noether charge. 

The Noether current gives a Hamiltonian conjugate to on E under compact support 

variations 69'^ and Sip, 
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H{C; 9,^) = 8 6,„,,(^)rC(<(^) - 2<^(^) - ^)) (2-91) 

up to a boundary term IgsQabiCT^)- For variations 69'^ and 5(p with support on 9E, one 
has for Einstein-Klein-Gordon solutions, 

6H{i; 9, ^) = f dQJi, 9) - COabM S9) (2.92) 

where 0„5c(^^, S9) is the expression (2.38) for the gravitational symplectic potential. Thus, 
there exists a Hamiltonian conjugate to on S if 

Va^ieOad^^ ^V)) = r9^{eSB^J9, <p) - a[,«,j(C, 9, <p, 59, 5^)) (2.93) 

holds for a locally constructed 3-form B^^^{9,Lp) and 1-form ai^($,,9,(p,59,5(p). Then the 
total Hamiltonian is given by H{^;9,ip) plus a boundary term 

HsiC; 9, ^) = j QJ^, 9) - CB^,^{9, ^). (2.94) 

Now, by an analysis similar to that for the Einstein-Maxwell equations, we obtain the 
following results. 

Proposition 2.3. Suppose is tangential to 9E. Then no boundary conditions are 

necessary for existence of a Hamiltonian conjugate to ^" on E. Consequently, a Hamiltonian 
is given by H^{i; 9, if) = H{i; 9, ip) + Q^{9). 

Theorem 2.4. Suppose is nowhere tangential to 9E. Let 

(D) %)|9s = 0, 5(Ol9s = (2.95) 
(N) 5(|/.|.X</^)|aE = 0, (5(X/)|,s = (2.96) 

where \h\— <\ei{hj^) is the determinant of the components of the frame hj^ associated to B. 

Under Dirichlet (D) or Neumann (N) boundary conditions for both (/? and 9'^, there exists a 

Hamiltonian H{^;9,(f) + HB{C',9,(f) conjugate to ^" on E, with the boundary term (2.94) 
given by 

h''{C,0,^) = 8 f ePaiO)dS, (2.97) 
//^(C; 9,^)^8 e{Pai(^) - lt^^s%^)dS, (2.98) 
in terms of the Dirichlet and Neumann symplectic vectors (2.4.2) and (2.43). 
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D. Yang-Mills and Higgs fields 

Last, wc generalize the previous two examples by considering on {M,g^i^) a set of Yang- 
Mills fields and Higgs fields (f^, T = l,...,n, with a gauge group given by any n- 

dimensional semi-simple Lie group ^, n > 3. Let be the commutator structure 

constants of the Lie algebra ^ of ^ (in a fixed basis). The structure constants are skew 
C^^ = —Cjy^ and satisfy the Jacobi relation C^^/C jj^r" — 0- Let r^^(/l) = C 

be the Yang-Mills connection, and define k^y — —\C^j^Cj-^'^^ which denotes the positive 
definite Cartan-Killing metric on A. 

The Yang-Mills Lagrangian for is given by the 4-form 

LaU^-^ 0) = l^^^MkArFinF''"''' = 3A;^^Ff„,*F^^ (2.99) 

where 

K = '^[Xi + Ic^/A^Al (2.100) 

is the Yang-Mills field strength, *F^^^ — ^abcdid)^^^'^ is the dual field strength in terms of 
pAcd _ ^ca^dbpA^^ ^^^j^ ^ ^a^b^ij,,^- For ifi'^ , it is Convenient to introduce the gauge- 
covariant Higgs field strength 

= ^V„(^^ + erf ^(A)(^^. (2.101) 
In terms of this field strength the Higgs Lagrangian is given by the 4-form 

^a.cd(^;^) = W(^)(^fc^r<^'"'' + (2.102) 

where l^d^?]) is a Higgs potential with = k^^f^f'^j ^ — const is a coupling 
constant. These Lagrangians are gauge invariant under Yang-Mills gauge symmetries on the 
fields A^ and ip^. (In particular, if [/^^ denotes a homomorphism of A given by a function 

of the spacetime coordinates x^, it is straightforward to show that the Yang-Mills gauge 

symmetry is then given by ^4^ — > U~^'^ j^A^ — C*^^ jJJ~^^ jjdJJ^ ^ and ip^ U~^^ j^ip^^ 

where C*'^'^^^ — k^^C^^j'^ denotes the structure constants of the dual Lie algebra A* and 

k is the inverse of the Cartan-KiUing metric. Under these transformations, the field 

strengths are gauge covariant, —>■ U A-^ab ^"^^ ^ a ~^ ^ yi^a-) 
To proceed, we consider the combined Yang-Mills-Higgs Lagrangian, 

LabcM. 0) = KU^- 6) + L^,J^- 6). (2.103) 
First, the coefficient of the variation 5A^ yields the Yang-Mills field equations 

* S^riA; 9) = 'V'Fi + t'\{A)fI - eC^/^^'K = (2-104) 
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where eC <f^W^ has the role of a current source. The coefficient of the variation S(f^ 
similarly yields the Higgs field equations 

k^^ * Sr{A; g) = ^V^W^f + r\(A)P^^ - = (2.105) 

Next, by variation of 6'^, one obtains the Yang-Mills- Higgs stress-energy tensor 
T;{A,^;e)e^^=T;{A,^;g) where 

(2.106) 

The symplectic potential 3-form arising from the Lagrangian (2.103) is given by 

e,JA, ^, 5A, ^; 9) = KbMkAri^AeF^"'' + ^/W^''")- (2-107) 
This yields the No ether current 

J,,,(C, A, ^; g)= 0,,,(A, v., C^A, C^^- 9) + 4eXc.(^, 0) 
= ^aU9){k,ri-^F''^^,A: + ^'2Fi^F^n 

= 4e,„,,(^)(rr/(A, ^) + e^fj^^^*^^]^^^") (2.108) 
for Yang-Mills-Higgs solutions. Hence, one obtains the Noether charge 

QE(e; A, ^) = ^, ^) = 4 ee,^MTf{A, ^■,g) + 2 j^^ k^^e^^F^'XAl 

(2.109) 

For the Yang-Mills-Higgs equations coupled to the Einstein equations 

R;{e)-Y^R{9)=T;{A,^-9) (2.110) 

using the field variables A^, ip^ ^ 9'^, the total Lagrangian is given by L^f^^(9,A,ip) — 

LabcM - KbcM^ ^) from Eqs. (2.27) and (2.103). 

Through same analysis as used in the Maxwell and Klein-Gordon examples, we obtain 
the following results. 

Proposition 2.5. Suppose C,"' is tangential to dH. Then no boundary conditions are 

necessary for existence of a Hamiltonian conjugate to on E. Consequently, a Hamiltonian 
is given by 

H{^; 9, A,ip) = 8 e,^,MeO':{R,\9) - i^;i?(^) - T/(A, ip; 9)) (2.111) 
up to an inessential boundary term. 
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Theorem 2.6. Suppose is nowhere tangential to 9E. Let 



(D) S{A'J\aj: = 0, 5((^^)|aE = 0, <5(OlaE = (2.112) 
(N) S{\h\s,h;F''^)\e^^O, S{\h\s''wl)\e^^O, 5(X/)|aE = (2.113) 

where \h\ = det{hj^) is the determinant of the components of the frame hj^ associated to B. 

Under Dirichlet (D) or Neumann (N) boundary conditions for both ip and O'^, there exists 

a Hamiltonian H{^;9,A,ip) + HB{i,0,A,ip) conjugate to 4" on E, with the boundary term 
given by 

//°(^; e,A,^)^8f eiPaiO) - P^aiA))dS, (2.114) 

H''{^;e,Acp) = 8j^^e{Py)-P''aiA^))dS, (2.115) 

where 

PaiA) - \kArh^eF^''K^ (2-116) 

p1{A, ^) = k^r{^^:t^s,F^'^At + \t/wl^^), (2.117) 

and P^{0), P^{0) are the symplectic vectors given by (2.4-2) and (2.4-3). 

E. Remarks 

Clearly, the previous results when is not tangential to are easily generalized to 

mixed Dirichlet-Neumann boundary conditions on the tetrad and matter fields similar to 
Theorem 2.4 and Theorems 3.5 and 3.6 in Ref. [1]. In particular, for allowed boundary 
conditions, note that one can have the tetrad satisfying (D) while the matter fields satisfy 
(N), and vice versa. 

III. PROPERTIES OF THE SYMPLECTIC VECTORS 

We first review some geometry of spatial 2-surfaces in spacetime (most of this material 
is standard, e.g., [2,5,6]). Then we describe the properties of the Dirichlet and Neumann 
symplectic vectors regarded as locally constructed geometrical vector fields associated to a 
fixed spatial 2-surface in spacetime, independently of any Hamiltonian structure. 

A. 2-surface geometry 

Let {S,a^^ be a closed, orientable smooth spacehke 2-surface in a spacetime {M,g^^), 

where a^^ is the puUback of g^^ to S. Let T{S) and T{S)-^ denote, respectively, the tangent 
space of 5" and the normal space to 5" (defined by the orthogonal complement of T{S) in 
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T{M)). Since T{S) © T{S)-^ = T{M), every vector in T(M) has a unique decomposition 
into vectors tangent and normal to T{S), given by projection operators Vs '■ T{M) T{S), 
: T(M) ^ T{S)^. 

Fix an oriented orthonormal frame {t", s"} for T(S')"'", 

fs„ = 0, = = 1, (3.1) 

with being a future timehke unit vector and being an outward spacehke unit vector. 
(If M is spatially non-compact, we define the "outward" direction by the exterior of the set 
M — S. If M is spatially compact, there is no preferred way in general to distinguish the sets 
S and M — 5", so we then make an arbitrary consistent choice for an "outward" direction. ) 
The metric on S is given by 

^ab = 9ab + - ^aH- (3-2) 

The compatible volume form on S is given by 

^ab = ^abcdi9)st\ (3.3) 

satisfying CF^y^a^^ = e^^e^^. The projection operators for T{S) and T(S)^ are given by 

i-Ps): = a: = ej\ iVi): = - 1/ = at' = 6^6^^^ (3.4) 



where e^, = 2s^Jf^^ and 



'^tb = - Kh- (3.5) 



Both (7^^ and e^;, are independent of choice of the orthonormal frame. Since cr^jj, is a 

two-dimensional Lorcntz metric, any two oriented orthonormal frames {t", s"} and {t'"', s'"} 
differ by a local boost 

t'"' — (coshx)t" -I- (sinhx)s", s'" = (coshx)s" -|- (sinhx)t", (3.6) 

where x is a function on S. Under an arbitrary boost (3.6), o"^^ and e^^ are invariant. 

The intrinsic geometry of the 2-surface S is completely determined by the metric cr^^. In 
particular, the intrinsic curvature of S is given by 

[1^a^n^'c = Kbc\ (3-7) 

where is any dual tangent vector field on S, and denotes the metric compatible 

(torsion-free) derivative operator on S defined by T>^a^^ = 0. Since S is two-dimensional, it 
follows that the intrinsic curvature tensor has only one linearly independent component 

1 1 

Kbf = Ifcia'^b]'^ = l^^ab^cT^ (3-8) 
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where TZ denotes the scalar curvature of S. 

The 2-surface S also has an extrinsic geometry with respect to (M, g^i,), which is charac- 
terized by the following curvatures [2.3]. Let vf = o'a^V^ where is the metric compatible 
(torsion- free) derivative operator on (M, g^^^) . Then can be decomposed into the tan- 

-L S -L 

gential derivative operator and a normal derivative operator T>^ , with = + ' 

defined by T)'^v'' — a'^'^'V^v'^ for any vector field v"" in T{M) at S. Now consider Vft^ and 

V^s^. The tangential parts yield the extrinsic curvature tensors of S with respect to the 
orthonormal frame 

l^abit) = T^ah^ = T^ah^ (3-9) 

which are symmetric tensors on S. These measure the spatial rotation of the orthonormal 
frame in T{S)-^ under displacement on S. The normal parts of Vft^ and give 

T^th = hJt^ T^th = -hJt^ (3-10) 

where 

Jt = «M^c. (3-11) 

which measures the boost of the orthonormal frame in T[S)-^ under displacement on S. The 
commutator of defines the normal curvature of S 

a 

PtM]Vc = KJv,, (3.12) 

with 

<6c. = 2P[a4i' (3.13) 

where is any dual normal vector field on S. Hence, is geometrically a connection 

1-form on S associated to the normal curvature of S. Since S is two-dimensional, note 'R-'^ij^d 

has only one linearly independent component, which is proportional to e"''Vfi7^. 
The trace of the extrinsic curvatures (3.9) of 5* 

measure how the 2-surface area changes under infinitesimal dragging of S along each direc- 
tion of the orthonormal frame. In particular, for any vector field v"" in T[S)-^, 

VsiC^eJ = K{v)e^„ (3.15) 

with 

k{v) = Vy = ]^o"^C^a^^^. (3.16) 



20 



Thus, S is "expanding" or "contracting" in the direction v"" according to whether its trace 

extrinsic curvature k{v) is positive or negative. (More precisely, k{v) equals the rate of 
change of the area of the image of ^S" under any diffcomorphism of M whose generator agrees 
with v"' at S.) We say that the expansion of S defined by (3.15) for a direction v"' is spacelike, 

timelike, or null, if v"'v^ is, respectively, positive, negative, or zero. If is non-null, we refer 

to |^|«;(i')| as the absolute expansion of S in the direction v'^ (with \v\ — ^\v"'vj). 
A preferred direction in T(S)^ is given by the mean curvature vector [2,3] 

H'' = k{s)s'' - K{t)f. (3.17) 

If if" is spacelike or timelike, then this is the direction of, respectively, minimum ab- 
solute spacelike or minimum absolute timclikc expansion of S. Furthermore, the min- 
imum value of the absolute expansion is given by the mean extrinsic curvature of S, 

^|K(/i)| = ^|K(s)2-«;(i)2|. Note, here, the norm of H'' is H^'H^ = ^(s)^ - K{ty = //^ 

The mean curvature vector and normal curvature tensor of S are each independent of 
choice of the orthonormal frame, namely, if" and 7?.^;,^^ are invariant under boosts (3.6) of 

{t", s"}. In contrast, the extrinsic curvatures of S are not invariant but instead transform like 
the orthonormal frame, while the normal connection transforms like a S0(1, 1) connection 

j'a^-jt + ^aX (3.18) 

with respect to the S0(1, 1) group generated by the boosts (3.6). 

B. Dirichlet Symplectic vector 

It is convenient to work with a null frame for T{S)^. Let 

^(^t-ta + ^a,^0:^t^-S^, (3.19) 

which respectively define outgoing and ingoing future pointing null dual vectors satisfying 

e+e"" = -1. (3.20) 

Note that any two such oriented null frames {6*^ , 6*^ } and {9^ ,9^ } are related by a local 
boost 

e+ = e^9^, 9; = e~^9~, (3.21) 

where x is a boost parameter given by a function on S. 

The extrinsic curvatures of S in the 9^ directions are given by 

4 = -^a^t- (3.22) 

Then 
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= = y^C^^a^, (3.23) 

are the trace extrinsic curvatures which measure the expansion of S in the 9^ directions. 
Specifically, is the rate of change of 2-surface area of S 

Vs{C^±eJ = (3.24) 

under any difi^eomorphism of M whose generator is given by 9^ at 5". Equivalently, 
measures the focusing of a congruence of null geodesies normal to S. 
The mean curvature vector of S is given by 

= -{k-9^'' + fi;+^~") (3.25) 

and the connection for the normal curvature of S is given by 

Jt = 0^'^% (3.26) 

We now consider the Dirichlet symplcctic vector (2.44) associated to S in the frame 
{t^, s"}, and separate it into vectors that are normal and tangential to S 

iP±T = ^5 (^") = - (3.27) 

(P||)" = Vs{P") = (7"'^~Vf^+. (3.28) 

We call (i\)" the Dirichlet normal vector associated to S. It has the important property 
that it is independent of choice of the null frame at S [4-6] . 

Proposition 3.1. (-Pj_)" is invariant under arbitrary boosts (3.21) of the oriented null 
frame. 

Consequently, (-Pj_)" depends only on the 2-surface S and the spacetime metric g^^. 
(In particular, its components in any coordinate system can be locally constructed out of 
the components of g and their partial derivatives, but not in a coordinate invariant form.) 
Moreover, {P^)^ has three significant geometrical properties. 

First of all, we consider the extrinsic curvature of S in the direction (Pj^)" 

4 = T^aiPA- (3-29) 
Remarkably, the trace of this extrinsic curvature vanishes 

= V^{P^f = K^VJ'" - k'VJ^" = (3.30) 

by Eq. (3.23) and ^^"vf = 0. Then we have 

^P±^ab = l^'^^e-^ab - l^~^e+^ab = ^ab = 0" (3-31) 

This result yields the following key geometrical property of {P±)"' ■ 
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Theorem 3.2. The normal direction {P±)"' to S in the spacetime (M, g^) is area 
preserving, i.e. S has zero expansion in the direction {P±)°'. 

Moreover, this property essentially characterizes the directional part of {P±y since there 
is a unique arca-prcserving normal direction at all points of S, except, if any, where — 
K = (in which case all normal directions to 5* arc area-preserving). 

Second, we find that the norm of {PjJ"" is given by 



(PJ^ = 2/«^«;". (3.32) 

Hence, the direction of {P±)"' is timehke, spacehke, or null if the expansions of S are, 
respectively, opposite sign, same sign, or at least one is zero. (These are boost invariant 
properties.) In general, the signs of k can vary on S even if the spacetime curvature satisfies 
positive energy conditions. Therefore, the sign of {P±)'^ need not be the same everywhere 
on S. We note that the situation (Pj^)^ > characterizes -S" as a trapped surface, related 

to the formation of black-holes [7]. Further remarks on this aspect of {Pj_)"' will be made in 
Sec. V. 

Third, wc see that (P^)" is closely related to the mean curvature vector of S. 
Proposition 3.3. 

{P^fH^ = 0, {P^f = -H'. (3.33) 

Thus, (Pi)" is respectively timelike, spacelike, or null as if" is spacelike, timelike, or null. 
Let \H\ = ^\H'^\, \P±\ — \J\{P±)'^\ denote the absolute norms of if" and (Pj_)". Then, in the 
non-null case, the relations (3.33) give a unique characterization of (P^)" (up to a sign) as a 
vector in T{S)-^ orthogonal to H"' and with the same absolute norm as H"'. Consequently, 
we will write (P^)" = i?" and refer to 

Hi = - (3.34) 

as the normal mean curvature vector of S, with H^H^ — 0, if^ = —H^. 

Lemma 3.4. Suppose \H\ or equivalently \P±\ ^ 0, i.e. H"' and if" = (-Fj.)" o-f^ 
non-null. Then {■j^ii'", j^ii"" } is an orthonormal frame for T (S)^ . Correspondingly, the 
pair of vectors 

= -^—{H" + H]) = (3.35) 

= — — (ii" - Hi) = (3.36) 
is a null frame for T{S)-^. 
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Thus, in the non-null case, if" and if" = (-f±)" determine a preferred orthonormal frame 

(or null frame) of T{S)-^ which depends just on the 2-surface S and spacetime metric g^j^. 
Then we can summarize the geometrical properties of these vectors in terms of the following 
orthonormal vectors in T{S)-^, 



if" = . " (Av~g+" + K^e-"), (3.37) 



Hi = (/t"g+" - At+^-"). (3.38) 



Theorem 3.5. Suppose k ^ on S , i.e. ii" and if" are non-null. Then: 

(1) The expansion of S is zero in the unique normal direction H^, which is spacelike or 
timelike as k'^k is positive or negative on S. 



(2) The absolute expansion of S in the orthogonal normal direction n is y2\K k \. 

This is the minimum absolute spacelike expansion or minimum absolute timelike expansion 
where k^k~ is, respectively, positive or negative on S. 

We now turn to consider the geometrical properties of (-Py)"- To begin, (i^y)" can be 
identified [5,6] with the connection J'^ for the normal curvature of S, in the null frame 

Proposition 3.6. 

(P^^f = -a^'^J^ (3.39) 

where 

Jt = ^^'^Vfej. (3.40) 

Hence, in contrast to the invariance of (i\)" under boosts (3.21) of the null frame, (i^y)" 
is not invariant but instead transforms as a S0(1, 1) connection 

(^||)l = (^||)a-Vfx (3.41) 

where x is a boost parameter given by a function on S. This describes a gauge transforma- 
tion of {P\\)'^ associated to the boosts (3.21) acting on T{S)-^ as an S0(1, 1) gauge group. 

Consequently, the curl of (i^y)" has the role of the gauge invariant curvature. 

Proposition 3.7. 

is invariant under arbitrary boosts (3.21) of the null frame, where T^^hcd normal cur- 

vature of S. 
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Thus, the curvature 'D^^{P^^)^ depends only on the 2-surface 5" and the spacetime metric 

Interestingly, in the case when if" is non-null, we can use the preferred orthonormal 
frame or null frame given by Lemma 3.4 to gauge-fix (-Py)"- We introduce 

iP\\)a- -^2H±KH, = -^h'v^H^, (3.43) 

= (^||)a + ^Vfln(«:+/0 

related to {P\\)a by a gauge transformation (3.41) with boost parameter X = | ln(K / k^) on 
S. 

Proposition 3.8. {P\\)a ^■^ invariant under arbitrary boosts (3.21) of the oriented null 
frame. 

Consequently, we call (i^|)„ the invariant Dirichlet tangent vector associated to S. In 
particular, (-P||)„ depends only on the 2-surface S and the spacetime metric g^^^. We now 
state the main geometrical property of (-P||)a, which follows from Eq. (3.43). 

Theorem 3.9. Suppose k^k ^ Q on S, i.e. and if" are non-null. Then the 

boost (with respect to T{S)^) of the area-preserving unit normal vector H"^ to S under 

displacement on S is a maximum in the direction {P\\)a- By orthogonality of H"' and if", 
this is equivalent to the tangent direction on S in which the boost of the unit mean curvature 
vector n under displacement on S is a maximum. 

Finally, from Propositions 3.1 and 3.8, when the mean curvature vector is non-null we 
can define an invariant locally constructed Dirichlet 4-vector associated to S by 

P« = {P^f + (P||)« = K^e'" - «~e+" + a"^0~^V^X + ^Vf ln(«+/«-). (3.44) 

Note that this vector depends only on S and g^^ and is independent of the choice of null 
frame {^^, ^~}. Indeed, in terms of purely geometrical structure associated to -S", 

= ii" + X^E^jfE^ (3.45) 

where H"^ is the mean curvature vector (3.25) and H\ is the normal mean curvature vector 
(3.34) of S. 

C. Neumann symplectic vector 

Finally, we consider the Neumann symplectic vector (2.45) associated to -S, 

pa ^ ^acQ-b^ ^3^g^ 
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Notice, first of all, the tangential part of with respect to S 

(P||)« = P5(P") = a^'e-^V^X (3-47) 

is identically equal to the tangential part of the Dirichlet symplectic vector (3.28). Hence, 
similarly to Theorem 3.9, (-Py)" gives the direction in which the boost of the null frame 9^ 

under displacement on 5" is a maximum. In contrast, the normal part of with respect to 
S 

(p^y = Vs{P") = a^'^'e-'vX = -cT^""o^'v^e~ (3.48) 

involves derivatives of the null frame 9^ in normal directions to S. In particular, note 
through substitution of 

^a' = -(^:^"' + ^:0 (3.49) 

that 

(P^f = -e+^^-^^-^VX + 9-''9-^^9^''V^9; = cT^"[^", 9^ (3.50) 

since 9^^V^9'^ = 0~^^c^b = 0- 

Proposition 3.10. {P±T is the normal part of the commutator [9~,9^]"' of the null 
frame, (P^f = P^[9- , 9^]" . 

Consequently, unlike (Py)" which is well-defined just given the 2-surface S and a null 
frame 9^" of T{S)^, it is necessary to consider "nearby" 2-surfaces 5", diffeomorphic to 5", 

to extend the null frame of T(S')^ off 5* so that (P^)" is well-defined. 

Let 5'(A_|_.A_) denote a two-parameter (A+,A_) local null congruence of 2-surfaces S' dif- 
feomorphic to S in (M, g^f^) with «S'(o,o) = '5'. (The congruence is defined to be ingoing as 
a function of A_ and outgoing as a function of A_|_.) Extend the null frame {9'^"', 9 "} off 
T{S)-^ to T{S')^. This extension is unique up to boosts (3.21). Then (P^)"* = a^^'^^^VX 

is a well-defined normal vector at each point on S. We call (P^)" the Neumann normal 
vector associated to 5* in a null congruence 5'(a^_,a_) — S x (A+, A_). It depends, of course, 
on the congruence but also on the choice of null frame for T(5'(a+,a_))^- 

Proposition 3.11. Under boosts (3.21) of the null frame on the 2-surfaces 5'(a_,.,a_) — 
S X (A+,A_), (Pi)" transforms as 

(P±i - iP±)a - '^a 'V,X (3.51) 

where x is a boost parameter given by a function of (A+, A_). 



26 



By Proposition 3.6, (-Py)" has a similar boost transformation property, which has the 
geometrical meaning of a S0(1, 1) connection for the normal curvature of S. This suggests 
that, geometrically, = (Pj^)" + is also related to a S0(1, 1) connection associated 
to an extrinsic curvature of S. 

Consider the derivative operator defined by V^f = o"^^V„f for any normal vector 

field on the 2-surfaces S(^x+,\-)- The commutator of gives the curvature 

K,^tK-Ric\. (3.52) 

(Note that, on functions, [V^,V,^]/ = 2V[„V,]/ = 0.) Clearly, 7'^([V^, V^])^;, = 
[D^,!)^]^;^ = Tl'abc'^d yields the normal curvature of S. Hence, R^^^ is a generalization 
of T^abcd^ which we call the sectional curvature normal to S in the null congruence <S'(a+,a_)- 
Proposition 3.12. 

RLd = 2V[t4ei (3.53) 

where - 0^''Vj;. 

Here is geometrically a connection 1-form for -R^^cd- particular, boosts of the 
null frame act as an S0(1, 1) gauge group on T'(5'(a_,_,a_))"'" under which transforms as 
— Ja + V^x where x is a function on S(^x+,X-) — S x (A+, A_). Note that the curvature 
Rabcd is invariant under these boosts. This leads to the main geometrical result concerning 

pa 

Theorem 3.13. In any null congruence of 2-surfaces S(^x+,X-), Pa — '^•^t ^ connection 
1-form for the sectional curvature normal to S, 

-V^P,] = {RLae^"'. (3.54) 

Thus the curl Vjl^P^j is invariant under arbitrary boosts of the null frame on S'(a_,_,a_)- It 
depends, still, on the choice of null congruence 5'(a_,_,a_) — S x (A+, A_). 

In general, there is no unique null congruence determined just by 5" and g^. However, 
a natural choice is given by ingoing and outgoing null geodesies congruences Sx^ through 
S, with S'(A_|_,A_) defined as (5'a_|_)a_ or (S'a_)a+ corresponding to constructing successive 
one-parameter ingoing and outgoing congruences [8]. 

If 'S'(A+,A-) — -S* X (A+, A_) is chosen to be a null geodesic congruence, then the geodesic 
equation imphes that O^"' satisfies 9 ^^Vifi ^" = where 9 ^" is given by a boost (3.21) for 
some function x of (A+, A_). Thus, 

Q+h^^Q+a ^ _Q+aQ+b^^^^ 9-'V,9-'' = ^~"^~Vj,x- (3.55) 
This leads to a simplification of (Pj^)" from Eq. (3.50), 

(P^)"= 9^''9+^9-''Wj; - 9~''9~''9+'V^9-^ 

= -^+"^""V^X - 0~''9^''V^x- (3.56) 
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Proposition 3.14. In a null geodesic congruence, (P±)"' — a ^ ^^X; ^'^^ consequently, 

The converse of this result also holds, since if the normal part of R'^i,^^ vanishes, then 

(Pj_)^ is a gradient and hence satisfies the geodesic equation (3.55) so that the congruence 
'S'(A+,A_) arises from null geodesies through S. 

Geometrically, the boost function x the geodesic equation (3.55) is related to the 
choice of parameterization of the null congruence. Indeed, we can fix the parameterization 
in a natural way by x = 0, which implies a corresponding gauge-fixing of {P±)°', 

(P±f = 0. (3.57) 

To conclude, we remark that the use of ingoing and outgoing null congruences in defining 
can be replaced by using timelike and spacelike congruences, denoted S^^ and S^^., 

through S. Moreover, if g^^^ has isometries then it may be possible to fix a unique local 
two-parameter congruence S^x^^x^) constructed in a natural way from the Killing vectors and 

invariant surfaces of the isometries. In general, then (-P^)" is no longer just a gradient. This 
will be illustrated in the examples in the next section. 

Finally, it is important to note that there is no ambiguity in (-P^)" appearing in the 
Neumann Hamiltonian boundary term (2.43), since this involves only the component of 
(Pj^)" in the direction of the time-fiow vector, which is well-defined using the unique timelike 
congruence through S generated by the time-fiow vector on M. 



IV. EXAMPLES 



We now consider examples for the Dirichlet and Neumann symplectic vectors described 
in Sec. III. In particular, we calculate these vectors and their properties for spacelike, 
topologically spherical 2-surfaces in (A) Minkowski Spacetime, (B) Spherically Symmetric 
Spacetimes, (C) Axisymmetric Spacetimes, (D) Homogeneous Isotropic Spacetimes, (E) 
Asymptotically Flat Spacetimes. 



A. Minkowski Spacetime 

Consider a closed orientable spacelike 2-surface S embedded in a spacelike hyperplane 
in Minkowski spacetime (R^,/^), using spherical coordinates 

Vab = -{dt)a{dt)b + {dr)a{dr\ + r^{{de)a{de\ + sin" ^(d0),(#)5), (4.1) 

where S is given hy t = Iq^ r = R{6, 0) for some function R{6, (p) and constant Iq. Fix an 
orthonormal frame i?^ adapted to S in (R^,?;) by 

K-idtU <-^{{dr)a-d^R), (4.2) 
< = ^ Ude)a + ^{drU , < = ^ [rsine(#)„ + ^^^|^((rfr). - d,R{de)^)\ (4.3) 
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where 

II = ^l + r-\dQR)\ i/j = ^l + r-\{dgRy + {d^R/sinef). (4.4) 
Note the metric associated to 5" is given in spherical coordinates by 

^ab = (1 - r'){drUdr\ + 2r\dr)^^d,^R - r^d^R d,R 

+r\{d9)a{d9)b + sin^ e{dct>)a{,dcj>)„). (4.5) 

The puUback of a^^ to 5" yields the induced metric on 5" 

'^ab\s = + {d,Rf){deUde)b + (i^' sin^ + {d^Rf){d<l>)amb + 2d,Rd^R{de\a{d<P)b). 

(4.6) 



Correspondingly, let ips = ^\s = yl + R'^iid^Ry + {d^R/ smO)^). 

The trace of the extrinsic curvatures of (5", a^j^) with respect to the frame on T{S)- 



K = <\s = {dt)a. = <|5 = ^ ((c^r)„ - d^R) (4.7) 

are respectively 



<t) = <7«V„t, = -(r,°^(^) + r,'\ms = (4.8) 

and 

^{s) = a'^V^., = -(r,^^(^) + r3^'(^))|5 = m^\^J^l + V^])l-m<^), (4-9) 

calculated in terms of the Ricci rotation coefficients 

rr(^) = <^'^vX = 2</t^aj„<j - ^''^}-d^,^^^,. (4.10) 

Here k{s) is the standard Euclidean extrinsic curvature of 5" in [2] . (The explicit expres- 
sion for k{s) as a function of the spherical coordinates is lengthy and will be omitted.) 
A preferred direction in T{S)^ is given by the mean curvature vector 

H' ^ - e.it) ^ f [iaj - - -^,(^r) . (4.11) 

which is spacelike. This vector gives the direction of the minimum absolute spacelike expan- 
sion of 5* in (R*^, 7]). Furthermore, the value of the expansion is the mean extrinsic curvature 
of S given by 

^ K{H)^\K{s)\^^^IP. (4.12) 



Note 5* is convex or concave according to where the sign of ac(s) is negative or positive 
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The normal part of the Dirichlet symplectic vector is given by the normal mean curvature 
vector 

(P°)" ^Hl^ fK{s) - s\it) = K{s){dX- (4.13) 

Note that (Pf )" is timelike, orthogonal to if", with the same absolute norm as if". Most 
significant, {P^y gives the direction of zero expansion of S. 
A preferred orthonormal frame for T{S)^ is 

(4.14) 

which depend only on S and rj^^ but not on the Minkowski frame '3'^. In the preferred frame 
(4.14), the tangential part of the Dirichlet symplectic vector is 

{p^r - '^"^^''VA = (^{d^y - ^ {do)" - (9,)^j v^idt), = 0, (4.15) 

and thus the normal curvature of S is zero. 

Hence the complete Dirichlet symplectic vector is 

P" = (P°)" + (Pf)" = «(.)(9J«, (4.16) 

which depends only on S and 77^^. In particular, it is independent of choice of the original 
orthonormal frame (4.2) and (4.3) on Minkowski space and of the normals (4.7) in T{S)'^. 

To define the Neumann symplectic vector, it is natural to extend the preferred orthonor- 
mal frame (4.14) off S by using the obvious isometrics of 77^^. With respect to this extension, 
the normal part of the Neumann symplectic vector is given by the commutator 

{p^r - sr = ([(^j, {o^ - ^^^nd^um^ (9,) + o^r (9,)]») = o. 



(4.17) 



(Alternatively, the same result for (P]^)" is obtained by extending (4.14) off 5* to the con- 
gruence of 2-surfaces t = const, r — R{6, 0) = const, which lie in parallel hyperplanes to S 
and are isometric to S.) Then, since (Pjl^)" = (P||^)" = 0, the complete Neumann symplectic 
vector in the congruence of 2-surfaces associated to S under isometrics of r]^ is given by 

P« = (pN)a ^ (pN^ja ^ Q_ (4.18) 

Thus the sectional curvature normal to 5* vanishes, refiecting the fact that 5* lies in a fiat 
hyperplane. 
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Light cone 2-sphere 

Next, consider a closed orientable spacelike 2-surface S embedded in a light cone in 
(R^r?). Let u ^ {t - r)/y/2, v = {t + r)/V2, 9, (j) be light cone coordinates (i.e. r, 6, (p are 
spherical coordinates with respect to the origin point for the cone) , with 

77„, = -2idu)^a{dv),) + \iv- uf{{de)a{de), + sin^ e{d(t>)a{d(t>\). (4.19) 

Then S is given by -u = -uq, v = V{9j (j)) for some function V{9^ 0) and constant uq. Note 
that {du)a and {dv)a — are, respectively, a null normal and spacelike normal for S, while 
{dgY + dgVi^d^Y and {d^Y + '^(jXi.'^vY orthogonal tangent vectors on S. 
Fix a null frame i?^ adapted to S in (R'', 77) by 

<=Wa, < = ^V''(c?w)a+(ci^^)a-5„V^, (4.20) 

< = Kc^^)a-^(c^«)a, ^' = rsin^(d</.)„-^^(rfM)„ (4.21) 
a V / r rsm9 

satisfying 'd'^if^rf'^ — —25^^5^^ + ^g^^g + where 



^ = \dV\ = r-^\j{dgVy + (9^y/sin^)2. (4.22) 
Note the metric associated to 5* is given by 

(7„, = V'2(ciM)„(ciM)fe - 2(ciM)(„ {d,V{d9)i,) + 9^V^(#)b)) + r2((ci^)„(ci^), + sin^ ^(d0)„(ci0),), 

(4.23) 

where 

^aj5 = ^(^ - «o)'((c?^)a(c?^)6 + siu^ 9{dct>)a{d<t>\) (4.24) 

yields the induced metric on 5". 

The trace of the extrinsic curvatures of (5", a^^) with respect to the null frame on T{S)-^ 

u, = €\s = {du)a, (4.25) 

= K\S = ^l{du)a + {dv)a - d,V{d9)a - d^V{d<P)a (4.26) 



are respectively 



and 



k{u) = a'^'V^u, = -(r,°^(^) + r,''ms = -| (4.27) 
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2 



2d,Rcos9 2dlR 2dlR 



where 



= -^^l^ls = R-^^j{deRY + (9^i?/sin^)2, i? = V2r|5 = T^- 

A preferred direction in T{S)-^ is given by the mean curvature vector 

H"' — —u'niyv) — v"'k{u) 

in terms of the null vectors 



Uq. 



The norm of if" gives the mean extrinsic curvature of S 



sin^ 9 



(9, 



(4.28) 



(4.29) 



(4.30) 



(4.31) 



1 



\k{H)\ = ^J2\K{u)K{v)\ = \H\. 



(4.32) 



Now, the normal part of the Dirichlet symplectic vector is given by the normal mean 
curvature vector (Pf)" = if" = v°'k{u) — u'Kiy), which simplifies to 



2d^R 



2d^R 



This vector gives the direction of zero expansion of 5* in (FC^,rj). 
A preferred null frame for T[S)-^ consists of 



(4.33) 



u — 



V — 



V2\H\ 
1 

V2\H\ 



{Hi + H") = 
[Hi - H") = 



(4.34) 



k{u) 



2dgR 



2d^R 



{dS + i^lidS + -^{deT + 1 , (4.35) 



which depend only on 5" and 77 but not on the Minkowski frame 'j?^. In the preferred frame 
(4.34) and (4.35), the tangential part of the Dirichlet symplectic vector is given by 



(4.36) 



This simplifies to 
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(^if)" = W2 (^^^)" + ^oRidX) do Hk{u)/k{v)) 

R^k^ ((^<^)" + d^RidS) d^\n{R\{u)/K{v)). (4.37) 



i?2 

+ 



Therefore, since the dual vector {P^)a = ln(i?^K(tt)/K(t')) is a gradient on 5*, the normal 
curvature of S is zero. 

The complete Dirichlet symplectic vector is 

pa ^ ^pBy ^ ^pDy ^4_3g^ 

which depends only on S and rj^^^. In particular, it is independent of choice of the original 
null frame (4.20) and (4.21) on Minkowski space and of the corresponding frame (4.25) 
and (4.26) on T{S)-^. Geometrically, the dual vector (Pf )„ provides a preferred normal 
direction for a family of hypersurfaces defined to cut the light cone at S, with vanishing 
normal curvature. 

Finally, the commutator of the null frame (4.31) yields the normal part of the Neumann 
symplectic vector 

(PIT - niv, ur= nid^ + + ^d, + dX\s 

= -2§0J° (4.39) 

through d^t/j'^ — — v^'^^/r. The tangential part of the Neumann symplectic vector is simply 
(P|j^)" = (-P|f )"■ Hence, this yields the complete Neumann symplectic vector 

pa ^ ^pN^a ^ (pN^a^ (4_4q) 

which depends only on the congruence of spacelike 2-surfaces u — const, v — V{9, (f)) = const, 
lying on the light cones in Minkowski space. 



Constant curvature 2-sphere 

In the special case of a constant curvature 2-sphere S, viewed as embedded either in a 
hypcrplane t = to = const, r = R = = const, or in a light cone, u = uq = {to — ro)/\/2, 
V = V = Vq = {to + ro)/\/2, the mean curvature vector of 5" is simply = ^{d^Y, and the 
complete Dirichlet symplectic vector reduces to 

P^^Hl = ^{d,r, (4.41) 

while the complete Neumann symplectic vector vanishes. 
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B. Spherically Symmetric Spacetimes 

In a spherically symmetric spacetime (R x T,,g^f^), 

9ab = -e^'^{dt)a{dt), + e-^'^idrUdr), + r\{deUde)b + sin^ 9{d(l>)a{d(f>),), (4.42) 

where ip = ip{t,r) and u = f^(t,r), consider a spacelike 2-surface S given by an isometry 
sphere r — ro — const and t = to = const. The metric on 5" is 

(^ab = ro^{de)a{de)b + ro' sin' e{d4>)a{d^)b (4.43) 
and the area of S is A{S) = Anro^. Fix an orthonormal frame adapted to S by 

^l^e^{dt)a, ^l^e-''{dr)a, ^l^r{d9)a, < = r sin ^(ci0)„. (4.44) 
The Ricci rotation coefficients of the frame 

have the following non-vanishing components: 

r^'o = -(d^e^)e'^e-^, (4.46) 

r,°' = -{d^e'')e-'e-'^, (4.47) 

r/' = -f = r3^', (4.48) 

r - = (4.49) 
The trace of the extrinsic curvatures of (5", cr^^) with respect to the frame on T{S)^ 

ta = <\s, = <\s, (4.50) 

are respectively 

<t) = <7»Va - -(r^^' + r,'% = 0, (4.51) 

and 

<s) = a'^V^., = -(r,^' + r3^^)|5 = . (4.52) 

ro 

A preferred direction in T{S)-^ is given by the mean curvature vector 

o„2i^(to,ro) 

H"" = s\{s) - fnit) = (a,)^ (4.53) 

ro 

which is spacelike (outside of any horizon) . This vector gives the direction of the minimum 
absolute spacelike expansion of S. Furthermore, the value of the expansion is given by the 
trace extrinsic curvature of 5' with respect to the unit vector in the direction 
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which is equal to the norm of H°'. 

The normal part of the Dirichlet symplectic vector is given by the normal mean curvature 
vector 

pi^{to,ro) p—ip(,to,ro) 

{P^f = Hl = t\{s) - s\{t) = 2- {dX- (4.55) 

ro 

Here (-Pf )" is timelike (outside of any horizon), orthogonal to iJ", with the same absolute 
norm as H"'. Most significant, (-Pf )" gives the direction of zero expansion of S. 
A preferred orthonormal frame for T{S)^ is 

r^-^^Hl^e-^{d,r, ^ -^H'' ^ e\d^)\ (4.56) 

which depend only on S and r|^^^ but not on the chosen frame d^. In the preferred frame 
(4.56) the tangential part of the Dirichlet symplectic vector is 

(pD)« = a'^n^J^ = (i?'T2'° + i9'"r3'°)|5 = 0, (4.57) 

and thus the normal curvature of S is zero. 

Hence the complete Dirichlet symplectic vector is 

pa ^ ^pD^a ^ (pma ^ 3^ (9J", (4.58) 

^0 

which depends only on S and r^^^. In particular, it is independent of choice of the original 

orthonormal frame (4.44) for g^^ and (4.50) for o"^^. 

To define the Neumann symplectic vector, it is natural to use the orthonormal frame 
(4.56) extended off S to the congruence of isometry spheres t = const, r = const. Then, for 
this extension, the normal part of the Neumann symplectic vector is given by the commutator 

(pN)a ^ ^±^f^g^a ^ ^-r,'' + s''r,'% = {-{d,e^)e-'e-'^{dX + {d,e'')e-^{dX) \s. (4.59) 

Since (P^)"' — {P^Y — 0, the complete Neumann symplectic vector with respect to the 
congruence of isometry spheres associated to S is given by 

pa ^ ^pN^a ^ ^pN^a ^ g.(to,.o)-^(to,.o) (^ja ^ d^,,(^to, To) {d^) ■ (4-60) 

Finally, as a special case, consider the Reissner- Nordstrom black hole spacetime obtained 

for 

=^ = = ^l-2m/r + gVr2 (4.61) 



where m — const and q — const are the black hole mass and charge; q — yields the 
Schwarzschild black hole. The mean curvature vector of an isometry sphere S,t — const, r = 
const, outside of the horizon is given by 
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which gives the direction of the minimum absolute spacehke expansion of 5". Furthermore, 
the value of the expansion is given by the norm of if", 

The complete Dirichlet symplectic vector is given by 

P» = ^(a,r (4.64) 

which depends only on S and r^^^. Note that P" is timelike, orthogonal to if", with the 

same absolute norm as if", and it gives the direction of zero expansion of 5*. 

With respect to the congruence of isometry spheres associated to 5", the complete Neu- 
mann symplectic vector is given by 

The curl of this vector yields the sectional curvature normal to S. 

C. Axisymmetric Spacetimes 

Now consider a stationary axisymmetric spacetime (R x E,gi^j,), 

9ab = -e^^'idfjaidi), + e-^^{dr)aidr), + (r'^'^{de)aid0), 

+e-2'^^((#), - w{dt)a)iid<j))h - w{dt\), (4.66) 

where [9] w = w{r,6), ip = ilj{r,9), v = u{r,6), fii = fii{r,6) and fi2 = /i2(?", ^)- Let S* be a 
spacelike 2-surface given by r = Tq = const and t = to = const, which has the metric 

'^ab = e-''^'^^^''\deUd9), + e-2'^^(^°'^)(#)„(#)6. (4.67) 

The area of S is ^(5") ^ 27r/(f e-''i(''0'^)-''2(ro,e)^5) ^ natural orthonormal frame adapted to 
S is given by 

< = e^(di)„, < = e-^(dr)„, < = e-^^^d^),,, < = e-'^M(#)„ - ^di)„) . (4.68) 
The Ricci rotation coefficients of the frame 

r/^(^) = ^:/^V„< = 2r,^'^''d^Jl\ - ^'"^"''d^,^^^, (4.69) 
have the following non-vanishing components: 
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■p 01 


= e d^e^jig ^ ^ o'^w, 


( A '1C\\ 

(4.70) 


p 02 
^ 




(4.71) 


p 03 


Zi z 


(4.72) 


12 

r/ 




(4.73) 


p 13 
^ 


z 


(4.74) 


p 23 
^ 




(4.75) 



The trace of the extrinsic curvatures of (5, a with respect to the frame on T{S)^ 

ta-<\s, s^^Kls (4.76) 



are respectively 



<t) = a'^'Vj, = -(r,°^ + r,'% = 0, (4.77) 



and 

(«) = '^"'V„., = -(r,^^ + r3^^)|5 = -e^(-''^)a,/.(ro, ^) (4.78) 



where //(r, ^) = //i + //2- A preferred direction in T{S)^ is given by the mean curvature 
vector 

= 5"«:(5) - fK{t) = -e2'^('-°'^)a,/x(ro, ^)(a,)^ (4.79) 

which is spacehkc (outside of any horizon). This vector gives the direction of the minimum 
absolute spacelike expansion of S. Furthermore, the value of the expansion is given by the 
trace extrinsic curvature of 5" with respect to the unit vector in the direction H^, 

L=k{H) = \Kis)\ = e^^^°''^\dXro,e)\, (4.80) 



which is equal to the norm of H"". 

The normal part of the Dirichlet symplectic vector is given by the normal mean curvature 
vector 

{P^y ^Hl^ fK{s) - s"«(i) = -e-^(^°'^)e^('-°'^)9,//(ro, 9) ((9,)" + «;(9^)") . (4.81) 

Here (Pf)" is timelike (outside of any horizon), orthogonal to with the same absolute 
norm as H"". Most significant, (Pf )" gives the direction of zero expansion of S. 
A preferred orthonormal frame for T[S)-^ is 

i^^-^^Hl = e-^{{dX + w{d^r), s^ = -^H- = e-^{dX, (4.82) 
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which depend only on S and rj^ but not on the chosen frame 'j?^. In the preferred frame 
(4.82) the tangential part of the Dirichlet symplectic vector is 

(Pff = a^H'VJf, = (i?'''r2'° + i?'"r3'°)|5 = -e-'^('-°'^)e'^("»''')a^w(ro, e){d^y. (4.83) 

The curl of this vector yields the normal curvature of 5". 
Hence the complete Dirichlet symplectic vector is 

-i>ir,,e)+.iro,e) (-d^^^To, e) [{d,Y + w{d^r) + \d^w{T^, e){dA , (4.84) 



= e 



which depends only on S and 77^^. In particular, it is independent of choice of the original 

orthonormal frame (4.68) for (7^^,^ and (4.76) for (xj^^. 

To define the Neumann symplectic vector, it is natural to use the orthonormal frame 
(4.82) extended off 5" to the congruence of 2-surfaces t — const, r = const. With respect to 
this extension, the normal part of the Neumann symplectic vector is given by the commutator 

(P^f = v^[i, sf = (f ro^° + rr/°) |5 = -e-^(^°'^)e'^('--^)a,v^(ro, 9) {{dx + w{d^r) . 

(4.85) 

Since {P^y — {PfT: the complete Neumann symplectic vector in this congruence of 2- 
surfaces associated to S is given by 

P«_ (^p^Y _|_ (^p^y 

-^iro,e)+u(ro,e) r_a^^(ro, 6) ((aj« + w{d^r) + ^a^w(ro, e){d^r) . (4.86) 



= e 



The curl of this vector yields the sectional curvature normal to S. 

As a special case, consider the Kerr black hole spacetime obtained for 



= = ^, e-- = p, = I^, ^ = ^ (4.87) 

where 

= (r^ + 0^)2 - a'A sin^ ^, A = - 2mr + a^, p^ = + cos' 0. (4.88) 

Here m = const and a = const are the black hole mass and angular momentum; a = yields 
the Schwarzscliild black hole. The mean curvature vector of a 2-surface S, t = const, r = 
const, outside the horizon is given by 

/\ c) 'X^ /\ 

= -^(^T = ^iMr' + a') - a'{r - m) sin' 9){dX (4.89) 
p^ 1 p^ 1 

which gives the direction of the minimum absolute spacelike expansion of S. Furthermore, 
the value of the expansion is given by the norm of 
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\k{s) \ = ^{2r{r'^ + a'^) - a'^{r - m) sin'^ 6). (4.90) 
The complete Dirichlet symplectic vector is given by 

^ 2r(r' + a-) -a^(r - m) sin^ 9 ^ ^^^^^^ ^^ ^^^ 

which depends only on 5" and 77^^. Note that the normal part of is timelike, orthogonal 

to iJ", with the same absolute norm as iJ", and it gives the direction of zero expansion of 
S. 

With respect to this congruence of 2-surfaces 5", the complete Neumann symplectic vector 
is given by 

2m 



am 



((r^ + a2)2(r2 - a^) + a\{r^ + a^f - Amr^) sin^ o) {d^ 



f-J^ ((r^ - a'f - 4r3(r - m) - a'ia' - r^) sin^ o) {d^f. (4.92) 



D. Homogeneous Isotropic Spacetimes 

Next, consider a Priedmann- Robertson- Walker spacetime (R x Ti,g^^, 

9ab = -{dt)a{dt)b + a\t) (^-^(cir)„(cir)6 + r2((ci^)„(ci^)6 + sin2^(ci0)„(ci0)fe)) , (4.93) 

where A; = 0, 1, — 1 (S is if /c = 0, — 1 or 5^ if A; = 1) corresponding to a spatially flat, 
spherical, or hyperbolic geometry on E. Let yS" be a spacelike 2-surface given by an isometry 
sphere r — — const and t — to — const. The metric on 5" is 

^ab = (^\toW ({de)a{de)h + sin^ e{d(l))a{d(l)),) (4.94) 

and the area of S is ^(5") = 47ra(io)'^o^- Fix an orthonormal frame adapted to S by 

K^(dt)a, ^l^-0={dr\, ^l^a{t)T{de)a, < = a(i)r sin ^(#)„. (4.95) 

The Ricci rotation coefficients of the frame 

rr(^) = K^'^^X = 2^I^''"5[a< - ^''^'"^dib^c^x (4-96) 
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have the following non-vanishing components: 



Fo" = ^ = r - = r-, (4.97) 

r," = ^^^f^ = ^3^^ (4.98) 



r ^3 = — . (4.99) 

^ a(i)rsin6' ^ ' 

(Here, an over-dot "•" denotes a derivative with respect to t.) 

The trace of the extrinsic curvatures of (5", cr^^) with respect to the frame on T{S)-^ 

K-<\S. = (4.100) 

are respectively 

<t) = .-VA = -(r,°^ + r-)!, = ^ (4.101) 

and 



cos^ 



I \ /-p 12 , -p 13n| 2^/Y^^kr^ 

i^[s)=a V„S(, = -(r2 )\s^ (4.102) 

A preferred direction in T{S)-^ is given by the mean curvature vector 

- s'<^) - - 2 (S.)" - ■ ("03) 

This vector gives the direction of the minimum absolute spacelike expansion of 5*. Further- 
more, the value of the expansion is given by the trace extrinsic curvature of 5" with respect 
to the unit vector in the direction 



1 2 /l — hrrP' 

-MH) = \k{s)\ = -— W - a?{t,), (4.104) 



which is equal to the norm of H"^ . 

The normal part of the Dirichlet symplectic vector is given by the normal mean curvature 
vector 



Here (-Pf )" is orthogonal to i?", with the same absolute norm as H^. Most significant, 
(Pf*)" gives the direction of zero expansion of 5". Note that {P^Y is timehke (and H"' is 

spacelike) if and only if the acceleration of E satisfies |a(io)| < ~ kro^/ro, depending on 
the radius of 5*. 
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A preferred orthonormal frame for T(S) is 



1 1 _ i-r2 

'.Hl^id^r, g° ^ ^ {dX, (4.106) 



which depend only on S and rj^^ but not on the chosen frame t?^. In the preferred frame 
(4.56) the tangential part of the Dirichlet symplectic vector is 

(pD)" = C7"'f V.Sf, = (/T^'^ + i?^"r3'°) |5 = 0, (4.107) 

and thus the normal curvature of S is zero. 

Hence the complete Dirichlet symplectic vector is 



pa ^ ^p^y ^ ^p^y ^ 2VT^ ^^^^^ _ j 

a[t^o) yo a[to) 



which depends only on 5" and rj^^. In particular, it is independent of choice of the original 

orthonormal frame (4.95) for g^^^ and (4.100) for cr^;,. 

To define the Neumann symplectic vector, it is natural to use the orthonormal frame 
(4.106) extended off 5* to the congruence of isometry spheres t = const, r = const. Then, for 
this extension, the normal part of the Neumann symplectic vector is given by the commutator 

(pir = n[i,sr = (t%'° + rr,^°)i, = - (4^) ^(^^mt- i^-m 

Since (-Pi^')" = (-P||^)" = 0, the complete Neumann symplectic vector with respect to the 
congruence of isometry spheres associated to S is given by 

pa ^ ^pN)a ^ ^p^y ^ _ J I _ ^M^^Q^y _ (4.110) 



0(^0^ 



For an isometry sphere S, r = const, t = const, in a time-symmetric hypersurface S, 
since a(t) = it follows that is spacelike, (Pf)" is timelike. Then the complete Dirichlet 
symplectic vector is 



ra{t) 



= {d,)\ (4.111) 



while the complete Neumann symplectic vector vanishes. 



E. Asymptotically flat spacetimes 

Consider an asymptotically flat spacetime {M,g^) with — rj^ + 0{l/r) and 

^c9ah ~ 0(l/r^) as r — > oo at fixed t, where rj^j^ is a flat metric (4.1) in Minkowski spherical 

coordinates t,r,9,(f). Suppose the total ADM mass, m, of the spacetime {M,g^^ is finite 
and positive. Then the metric has the asymptotic form [10,11] 
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g^^ = -(1 - 2m/r + 0{l/r-')){dt)a{dt), + (1 + 2m/r + 0{l/r-')){dr)a{dr), 

+r^((de)a(de)b + sin^ e{d(t))a{d(t))i, + 0{l/r^)) as r ^ oo at fixed (4.112) 

(Note that any gravitational radiation terms vanish in this hmit.) We first discuss the 
ADM energy-momentum vector [8]. In the spacetime {M,g^f^), spatial infinity, can be 
represented as the set of asymptotic 2-spheres 6*00 given by t = const, r 00, which are 
regarded as being identified under asymptotic time translations generated by the Killing 
vector {d^Y of rj^^. Now, for a spacelike hypersurface S^, t = const, the ADM energy and 

momentum in standard asymptotic Minkowski coordinates on M are given by [12] 



1 f 



'^'"^^^ (4.113) 
T.TFz L i^Ag^^u - s^d^g^JdS = , /X = 1, 2, 3. 

1^ uj^O 



Hence, the ADM energy-momentum vector at spatial infinity is represented by {P^^^)a — 
nT'{dt)a\soo- Let n" = (^t)"|5oo- Then, geometrically, the vector 

m 

corresponds to an asymptotic stationary unit-norm Killing vector of the asymptotically fiat 
metric (4.112). 

To proceed, let S be any family of spacelike 2-surfaces that approaches the 2-sphere 5'oo 
as r ^ 00 at fixed t. Since the spacetime metric is asymptotic to the Schwarzschild metric, 
we may use the results obtained in Example (B) to calculate the Dirichlet and Neumann 
symplectic vectors in this limit. 

The Dirichlet symplectic vector is given by 

(P°)« = -(l-m/r)t« + 0(l/r^) (4.115) 
r 

where t"- = (1 + ni/r + 0(l/r^))((?^)" is a unit timelike vector of (Af, 5^5). For a comparison 
with (p^^^^)"^ we scale {P^Y by the area of S, A{S) = Anr'^ + 0(l/r), which yields 

A(5)(P°)" = 87r(r - m + 0(l/r))i". (4.116) 

Note that the first term in this expression is singular as r — > 00. It corresponds to the 
Dirichlet symplectic vector for 6*00 with respect to the flat metric 77^^ on M. We extend this 
vector in a natural geometrical manner from 6*00 to S by 

(PlX - (4-117) 

which depends only on the radius of S and the timelike unit vector with respect to g^f^. 
We now subtract (-Pfl^t)" from (P°)" to obtain the normalized Dirichlet symplectic vector 

Then the limit r — > 00 yields a well-defined (finite) vector associated to 5*00 in terms of 
t°- ^ n"'. This establishes our main result. 
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Theorem 4.1. For an asymptotically flat spacetime {M,g^), at spatial infinity the nor- 
malized Dirichlet symplectic vector (4-118) is equal to Stt times the ADM energy-momentum 
vector (4-114)) 

^{Pyis^ = {P^'^y = -mW^ (4.119) 

(The Stt factor reflects the normahzation chosen for the Hamiltonian variational principle 
for the Einstein equations in Sec. II.) 

Wc remark that the ADM vector (^p^^^y can be derived [13] directly from the symplectic 
structure of the Einstein equations similarly to the analysis given in Sec. 3 in Ref. [1] by using 
asymptotically flat boundary conditions at in place of the Dirichlet boundary condition 
at S on the spacetime metric. 

Finally, we discuss the Neumann symplectic vector. Note that the normalized symplectic 
vector (4.118) is obtained from the locally constructed Dirichlet symplectic vector (P°)" 

associated to a spacehke 2-surface S, where (P°)" depends only on S and 51^^. In contrast, 

the Neumann symplectic vector (P^)" associated to ^S" also depends on a choice of congruence 
of 2-surfaces S' diffeomorphic to S. If a suitably parameterized null geodesic congruence 
through S is used to define (P^)", it follows from Proposition 3.14 that the normal part of 

(P^)" vanishes. Moreover, the tangential part of (P^)" is equal to the tangential part of 

(P°)". Thus for any topological 2-sphere S that approaches 6*00 as r ^ cxd, by Eq. (4.115) 

the resulting vector (P^)" is at most 0(l/r^) and is tangential to S. Consequently, if we 
consider the normalized symplectic vector 

{py ^ A{s){{py - {Pix) (4-120) 

defined analogously to {P^Y, then 

iPy\s^ = 0. (4.121) 

Note that for an asymptotically fiat metric (4.112), as S approaches 6*00, all null geodesic 
congruences through S approach future and past null infinity, I"^, and thereby provide a 
natural congruence of spacelike 2-spheres Sj± associated to the 2-sphere 6*00 representing 
spatial infinity, l^. In particular, Sj± are related to 6*00 by null geodesic asymptotic isometrics 
of g^i^. Hence, the normalized symplectic vector (4.121) effectively depends only on S and 

51^^ (including its asymptotic structure), similarly to the vector (4.118). 



V. CONCLUDING REMARKS 

In this paper we have considered the covariant symplectic structure associated to the 
Einstein equations with matter sources. One main result is that we derive a covariant 
Hamiltonian under Dirichlet and Neumann type boundary conditions for both the gravita- 
tional field and matter fields in any fixed spatially bounded region of spacetime {M,g^f^), 

allowing the time-fiow vector ^" to be timelike, spacelike, or null. 
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The Dirichlct and Neumann Hamiltonians evaluated on solutions of the coupled gravi- 
tational and matter field equations reduce to a surface integral over the spatial boundary 
2-surface, S. (In fact, this result is known to hold for any diffeomorphism covariant space- 
time field theory [14].) For each of the boundary conditions this surface integral has the form 
of Jg ^""PjiS where is a locally constructed dual vector field associated to the 2-surface 
S and boundary conditions, which we call the Dirichlet and Neumann symplectic vectors. 
Similar results are discussed in Ref. [18,19]. 

Our principle result is to show that the purely gravitational part of the Dirichlet sym- 
plectic vector {P^Y has very interesting geometrical properties when decomposed into its 

normal and tangential parts, {PYT ^"^^ {PfYi with respect to S. First, (-Pf*)" depends 

only on the 2-surface S and spacetime metric g^^ and thus yields a geometrical vector field 

normal to S in spacetime. This vector (Pf is shown to be orthogonal to the mean cur- 
vature vector of S and, most importantly, it gives the direction of zero expansion of S in 
spacetime, i.e. Cp^e^^{S) — where e^^{S) is the area volume form of S. Furthermore, the 

norm of the vector (Pf )" is equal to the product of the expansions of S with respect to 

ingoing and outgoing null geodesies, 9 " and (and is independent of parameterization of 
the geodesies). This expression is obviously related to the condition for a spatial 2-surface 
S to be trapped (or marginally trapped), namely, is positive (or zero) on where 

Ce±eg^{S) — i<^€^jj{S). Consequently, S is trapped (or marginally trapped) precisely when 

(P^Y is spacelike (or null) on S. If this notion is applied to the ingoing and outgoing null 
geodesies at each point p on S (i.e. the pair of null geodesies through p is "trapped" (or 
"marginally trapped") if k^k is positive (or zero) at p), then, in this sense, {P±Y measures 
point-wise how close S is to being a trapped surface. 

In contrast, {P^Y depends not only on the 2-surface S and spacetime metric g^^^ but also 
on a choice of orthonormal frame or null frame for the normal tangent space T{S)-^ of S. 
Geometrically, {P^Y is shown to be a connection for the normal curvature of S in spacetime 
and consequently changes by a gradient under a boost of the frame. However, if the normal 
vector {P^Y is non-null, then {P±Y the mean curvature vector of S comprise a preferred 

frame for T{S)-^ and hence there exists a corresponding preferred tangential vector {P^Y 
(evaluated in this frame). Thus, in this situation, the complete Dirichlet symplectic vector 
is a well-defined geometrical vector field depending only on S and g^^^. We refer to this as 
the invariant Dirichlet symplectic vector associated to S. 

Apart from its geometrical interest, the Dirichlet symplectic vector is also related to 
definitions of canonical energy, momentum, and angular momentum given by the value of 
the Dirichlet Hamiltonian for solutions of the Einstein (and matter) equations. In particu- 
lar, we have shown that in an asymptotically fiat spacetime in the limit of S approaching 
spatial infinity Soo, the Dirichlet symplectic vector reduces in a suitable sense to the ADM 
energy-momentum vector. Hence, the integral Jg^^°'{P^)adS yields total energy, momen- 
tum, angular momentum of the spacetime when is chosen to be an asymptotic Killing 
vector associated to time-translations, space-translations, or rotations of the asymptotic fiat 
background metric. 

In addition, for a compact spatial 2-surface S in (M, g^^^), it follows from results in Refs. 
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[15] that the quasi-local quantities Js^°'{P )adS for ^" chosen to be normal and tangen- 
tial to S reproduce Brown and York's [16,17] quasilocal energy, momentum, and angular 
momentum quantities. (See also Refs. [1,5].) Furthermore, we have obtained matter contri- 
butions to these quantities, for an electromagnetic field and a set of Yang-Mills- Higgs fields. 
In a forthcoming paper we will explore geometrical quasi-local quantities defined purely in 
terms of (Pf )" and We will also explore the use of (P°)" as a time flow vector for a 

boundary-initial value formulation of the Einstein equations. 
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